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Abstract

Semi-active damping of a clamped plate using PZT with purely resistive circuit or resistive state-switched circuit is
studied in this paper. The clamped plate bonded with PZT is modelled using Hamilton’s principle and Galerkin’s
method. The optimal shunt resistance for the purely shunt resistive circuit together with the optimal placement of the
PZT is investigated. For a resistive-state-switched circuit, Clark’s control logic is employed to optimize the shunt
resistance. Numerical simulations for these two systems are also presented. Furthermore, a negative capacitance is
added to enhance the damping performance.
© 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

During the last two decades there has been increasing interest in vibration control using piezoelectric
materials. Due to their direct and converse piezoelectric effect, they have been used extensively in active
and/or passive ways. Recently attention was paid to the semi-passive damping because of its simple elec-
tronics. In semi-active damping arrangement, the power amplifiers, A/D- and D/A-converters and the
microprocessor will not be needed any more so that it will be much easier to be integrated into the structure.

Hagood and von Flotow (1991) investigated the damping using the piezoelectric materials shunted with
the passive electrical circuit. For resistive shunting, the piezoelectric materials will act in the way similar to
viscoelastic materials. If shunted with a pair of resistor and inductor, the circuit can be tuned in a manner
analogous to a mechanical vibration absorber. But only one mode vibration can be damped. Wu (1998)
reported a method for passive piezoelectric shunt damping of multiple vibration modes using a single
piezoelectric transducer. In that paper, a ‘blocking’ circuit, which consisted of one parallel capacitor—
inductor anti-resonant circuit or a series of them, was employed in series with each parallel resistor—
inductor shunt circuit designed for one structural mode. As piezoelectric materials exhibit variable
mechanical stiffness between the open circuit and the close circuit, they can also be utilized for vibration
control in the way of state-switching (Richard et al., 1999; Clark, 2000). Two of the early papers on the
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vibration suppression by varying the stiffness were investigated by Chen (1984) and Onoda et al. (1990). In
the work of Clark (2000), a semi-active control law was used to switch the electric shunt circuit of a piezo-
electric actuator for energy dissipation. But only a very simple spring—mass system was demonstrated in
that paper. To the author’s knowledge, there are few papers dealing with vibration suppression of a plate
structure using the resistive circuit or the state-switched circuit.

In this paper, semi-active damping of a one-dimensional beam structure using PZT with purely resistive
circuit or resistive state-switched circuit is extended to a plate structure. A clamped plate is considered. Of
note is that in a resistive-state-switched circuit, the system is switched between an open circuit and a
resistive circuit. The model for a clamped plate bonded with PZT is built using Hamilton’s principle and
Galerkin’s method. The optimal placement of the piezoelectric patch and the optimal shunting resistance
for the purely shunt resistive circuit are presented. For a resistive-state-switched circuit, Clark’s control
logic is employed to optimize the shunting resistance. The comparison of these two kinds of circuit systems
for semi-active damping is given together with the open circuit system and the circuit system that is state-
switched between the open circuit and the short circuit in the numerical simulation. Furthermore, a nega-
tive capacitance is used to enhance the damping performance.

2. System model

Consider the system as shown in Fig. 1(a). A clamped plate is surface bonded with a piezoelectric patch.
The piezoelectric patch is shunted with a purely resistive circuit, or a resistive-state-switched circuit. Further
more a negative capacitance (Tang and Wang, 2001) is added to enhance the performance, as shown in Fig.
1(b). Using the Hamilton’s principle, the mechanical and electrical equations of the system can be obtained
as follows:
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Fig. 1. (a) Cross-section of a beam with piezo patches; and (b) configuration of an aluminum beam bonded with a piezo patch.
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62w 0w
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where

I = 2p3 1, %[(h +h ) — I }, Jp = %hp(Zhs + hp)v 4y = (po *xpl)(yp2 *J’pl)a

H = [H(x =xp1) = H(x = xp)] - [H( = yp1) = H = y2)]

w is the transverse displacement of the plate; D, and ¥}, are respectively the electrical displacement of and
the voltage on the piezoelectric patch; f,, is the external force applied on the plate; E, p, , vs and A are,
respectively, the Young’s modulus, mass density, Poisson’s ratio and half thickness of the plate; £y, p,,, vp,
h31, P33 and h, are the Young’s modulus, mass density, Poisson’s ratio, piezoelectric strain constant,
piezoelectric dielectric constant and thickness of the piezoelectric patch, respectively; H(-) is unit Heavi-
side’s function; (x,1,p1) and (x,2,p2) are, respectively, the corner coordinates of the piezoelectric patch.
Under the open circuit condition, the electrical displacement of the piezoelectric patch becomes zero and
Egs. (1) and (2) can be rewritten as:
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Note that Eq. (4) becomes the sensor equation for the open circuit.
For the short circuit, the voltage on the piezoelectric patch 7}, is zero. Thus Eq. (1) becomes
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If the piezoelectric patch is shunted with a circuit consisting of a resistor and a negative capacitor, Egs. (1)
and (2) become
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where C, = ﬁ h and Q, = [ i D, dxdy are the equivalent capacitance of the piezoelectric patch and charge
on the surface of the plezoelectnc patch, respectively; A is the ratio of the capacitance of the piezoelectric
patch to the shunting negative capacitance; R is the resistance of the shunt circuit.

Galerkin’s method is employed to discretize the above equations. The weighting function is chosen as the
mode shape ¢, (x)¢,; ( ) of the clamped plate without shunted piezoelectric patches such that

w(x, v, 1) Z Z (@)D, ()11, (1) (8)

where 7,;(t) is the generahzed modal displacement, n, and n, are the expanding modes in x and y coordi-
nates, respectively. The mode shape can be given in the form such that
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Here aj is the length of the plate and its width is denoted by b;. ¢,,(y) is similar to ¢,;(x) in the form and is
omitted here.
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Thus Egs. (3), (5) and (6) can be discretized as in the following form:
Mﬁ+cbh+Kﬂ+Kch :Ffwt (10)

where
Xp2 Vp2
Mnm’j = 2pshsasb55mi5nj + pphp/ ¢xm¢xidx/ ¢yn¢yj dy
Xpl Ipl

K.y =K., under the open circuit condition

mnij

K.y =K. under the short circuit condition

mnij

K,y =K, .. under the shunt resistive circuit condition

mnij

b 2
K:‘l?llj_l (ﬂ 5m15'1j+2/ ¢xm a 2 d)}n ¢yjd +ﬁ 5}’)116}1/)

E 2
+1_pvf)lp o d)rm ax4 myj xm a 2 - n
0 xm 62 xi
/ (pxmd)”dx/ (’b)’” }jd +< g)x aj; ¢xm Ox3 > / ¢yn¢1/dy
0y 0 \[T [ P, (39, 62<z>- S\ [ [
] xi ) xm Y n Y Y7 .
+ <(VP )¢xm ax +vp¢xz Ox ) o /yp1 ¢yn ayz dy+ ay 6y2 d’yn ay3 ot o d)xm(pmdx
a¢)’] a¢)’” Xl
+<< e / b
b \| " [ 0, [
2(1- i ”
#2(1-y,) <¢ ax> (92|
Xpl Pl
h31J
Kmnij = Kmnij - pﬁ33 / ¢xm a 4 dx/ d)ynd)yj dy+ 2/ ¢xm a 2 n
1 ad)xm 62(rbxi
/ qbxm(t)wd‘x/ ¢}W ] dy +< ox o2 _¢xm e’ > / ¢ (by/dy
a()bxm a()b)a ad) n azd) j a3¢ A o2
+ <¢xi ox = Wxm ) n ( a; ayzyl - d)yn ay3y/ / d)xmd)xidx
Jp1 Y Xpl

/,, bon S ]

aqsyn a(byj
' (¢ T




1746 Q. Lin, P. Ermanni | International Journal of Solids and Structures 41 (2004) 1741-1752
2 b
hi1J, ) Xp2 p2 Xp2
K©® — K ( B O | /Vp ¢, dx
Ipl ¥

mnij mmj
hoPasd, | Ox |, ol ol
/ mM]

/d)d+

Kcnn =0 under the open or short circuit conditions

Vp2 a¢ "
lpl Y] ay

F%

KCmn =

h31Jy | 0., |™
A Ox

Vp2 ad) C|Pe2
d Y
1 %my+ga7

Ip

/ O dx} under the shunt resistive circuit condition
p

Cbmmj =Cp 5mi5nj

Xp2 [ Vp2
m://’mm%%mw

fw'(x’ t) = ﬁvx(x)fwt(t)

Note that a viscous damping term Cpf is added in Eq. (10), and ¢, is the damping coefficient.
Under the open circuit condition, the charge on the patch can be obtained from Eq. (4) as follows:

Op = CoKen (11)
The electrical equation (7) under the resistive circuit condition can be discretized as:
de
K. 12
TaR +Ken (12)

The piezo patch introduces higher stiffness in the system when it is under open circuit condition than
when it is short-circuited. When the piezo patch is shunted with a resistive circuit, the stiffness of the piezo
patch is also related to the shunt resistance and negative capacitance. It is intuitively clear that the stiffness
of the resistive circuit system is between the short circuit system and the open circuit system.

3. Optimal placement of PZT and resistance for the purely resistive shunt circuit

The mechanical equation (10) and the electrical equation (12) under the purely resistive shunt circuit can
be cast in the state space form as

% = Ax + Bf,, (13)
y==Cx (14)
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Note that the output is the deflection at the specific point (xg, y5) in the plate. The optimal placement of the
PZT and the optimal shunt resistance for the resistive circuit will be found to minimize the following
objective function, which is chosen as the norm of the continuous system’s transfer function:

J=|c(s—4)"B|, (15)

4. Optimal resistance for the resistive-state-switched circuit

For the resistive-state-switched circuit system, the control law by Clark (2000) is adopted here. When the
defection and velocity at the specific point (x;,)s) in the plate satisfy

W(xs,ys,f)w(xs,ys,t) =0 (16)

the circuit will be switched to the open circuit. Or else it will be switched to the closed circuit. Since the
resistive-state-switched circuit system is nonlinear, the optimal resistance in the circuit will be found to
minimize the following objective function similar to that by Clark (2000):

Iy
J:/|M%%ﬁMI (17)
0

5. Numerical simulation for impulse response

Consider the configuration of a clamped plate bonded with the PZT as shown in Fig. 1(a). The system
parameters are listed in Table 1. In the following numerical examples, only the first two modes of the
clamped plate are considered such that n, = 2, n, = 1. An impulse force

ﬁv(xvya t) = (5()6 _xs)é(y _ys)é(t) (18)

is applied at the specific point (x; = 0.4as, y; = 0.4b;) in the plate to determine the optimal placement of the
PZT and the optimal resistance for purely resistive circuit system and the resistive-state-switched circuit
system. The optimal placement of the PZT is found that its center should be located at the point
(0.1436 m,0.1 m). The optimal resistance with the optimal placement is 2225.5 Q for the purely resistive
circuit system by minimizing the objective function 15, while it is only 525.4 Q for the resistive state-
switched circuit system by minimizing the objective function 17. Of note is that the placement of the PZT
for the resistive-state-switched circuit system is not optimized and is kept as that in the purely resistive
circuit. It shows that the resistive-state-switched circuit system needs much less resistance than the purely
resistive circuit system. The objective functions for these two systems are shown in Figs. 2 and 3. The
comparison of the frequency responses of the open circuit system and the purely resistive circuit system is
shown in Fig. 4.

Table 1
System parameters
a, =0.35m v, =03
by =0.20 m ¢y = 0.12 Ns/m?
hs = 0.0005 m E, =59 GPa
a, =0.35m pp = 7600 kg/m?
b, =020 m vp =0.35
hy, = 0.0005 m h3 = 7.664 x 108 N/C
E, =71 GPa By = 7.331 x 107 Vm/C

ps = 2906 kg/m? A=09
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Fig. 2. Objective function for the resistive state-switched circuit system.
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Fig. 3. Objective function for the resistive circuit system.

After the optimal placement of PZT and the optimal resistance are determined, the impulse responses of
these two systems are simulated together with the open to short circuit state-switched system and the open
circuit system. Note that in the purely resistive circuit system and the resistive-state-switched circuit system,
a negative capacitance (1 = 0.9) is added to enhance the damping performance. Fig. 5 shows the impulse
responses at the specific point (xg,)s) in the plate for the purely resistive circuit system and the resistive
state-switched circuit system. Although the performance of the resistive-state-switched circuit is not better
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Fig. 4. Frequency response at the point (0.4as, 0.4b;).
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Fig. 5. Impulse responses at the point (0.4ag,0.4b) for the systems with a negative capacitance.

than the purely resistive circuit in the above numerical simulation, one should note that the resistance
needed for the resistive state-switched circuit is much less than that in the purely resistive circuit. Fur-
thermore, the resistive-state-switched circuit may be more robust than the purely resistive circuit. This is
due to the fact that the piezoelectric capacitance is nonlinear in practice and dependent on the frequency.
The impulse responses at the specific point for the open circuit and the open to short circuit state-switched
are given in Fig. 6. It shows that the vibration of the plate can also be damped somewhat by state-switching
between the open and short circuit. If no negative capacitance is added in the circuit, the optimal resistances
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Fig. 6. Impulse responses at the point (0.4as, 0.4b;).

for the purely resistive circuit system and the resistive-state-switched circuit system are respectively 17,887
and 2362.5 Q, which are much larger than the ones with the negative capacitance. Fig. 7 shows the impulse
responses for these two systems without the negative capacitance. It can be seen by comparison of Figs. 5
and 7 that adding a negative capacitance can greatly improve the damping performance of the purely
resistive circuit system and the resistive-state-switched circuit system. From the impulse response of the
state-switched circuit system with and without a resistor, as shown in Figs. 5-7, it can also be seen that the
switch damping performance can be improved by introducing a resistor in the circuit, especially together
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Fig. 7. Impulse responses at the point (0.4as, 0.4b;) for the systems without a negative capacitance.
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with a negative capacitor. The charges on the piezoelectric patch for all the above circuit systems are shown
in Figs. 8-10. In fact the damping performance can also be judged from the charge on the piezoelectric
patch. It can be seen by comparison of Figs. 8 and 10 that adding a negative capacitance can increase the
energy transfer of the mechanical vibration energy into the electrical energy and thus increase the system
damping.

—4
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15¢
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0 0.1 0.2 0.3 0.4
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Fig. 8. Charge on the piezoelectric patch for the system with a negative capacitance.
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Fig. 9. Charge on the piezoelectric patch.
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Fig. 10. Charge on the piezoelectric patch for the system without a negative capacitance.

6. Conclusion

The semi-active damping using PZT with the purely resistive circuit or the resistive state-switched circuit
is investigated in this paper. A two-dimensional plate structure is modelled. In most previous papers on semi-
active damping, the placement of the piezoelectric patch is rarely optimized. There should be a compromise
between the shunt resistance and the placement of the piezoelectric patch regarding the modes to be con-
trolled. For a plate structure, the optimal length and width of the shunted piezoelectric patched is also
correlated with each other. The resistance for the circuit system together with the placement of the piezo-
electric patch is optimized herein. The damping performance of different circuit systems is numerically
simulated. Results demonstrate that adding a negative capacitance can significantly increase the damping for
the purely resistive circuit system and the resistive-state-switched circuit system. It seems that the resistive-
state-switched circuit system cannot outperform the purely resistive circuit system in the simulation. But it
should be noted that the piezoelectric capacitance is nonlinear in practice and dependent on the frequency.
Thus the purely resistive circuit may be not so robust as the resistive-state-switched circuit system.
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